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Abstract

A model of a binary species supercritical temporal
mixing layer has been presented and applied to the study
of the heptane/nitrogen system. The model contains
dynamic conservation equations based on fluctuation-
dissipation theory combined with a real gas equation of
state and modeled Schmidt and Prandtl numbers so as
to correctly portray the relative transport mechanisms.
The boundary conditions are periodic in the streamwise
and spanwise directions, and non-reflecting outflow in the
cross-stream direction based on a real gas analysis derived
elsewhere. The initial configuration consists of four vor-
tices and the layer is induced to rollup through the appli-
cation of an initial perturbation. The four vortices pair
up to form an ultimate vortex within which small scales
are formed. To determine whether a transitional state has
been attained, global temporal characteristics of the layer
are examined, as well as vorticity and vorticity magni-
tude budgets. Furthermore, instantaneous distributions
of dynamic and thermodynamic variables are inspected to
elucidate the specific features of the layer. This analysis
identifies the existence of concentrated high density gra-
dient magnitude regions originating both from the initial
density stratification and from the mixing of the two fluids.
As regions of increasing magnitude of the density gradient
are probed the mixture contains an increasingly large mass
fraction of heptane, and the fluid is increasingly non-ideal,
meaning that molecular mixing is impeded. The layer also
exhibits considerable departures from perfect gas behav-
ior.

Introduction

The turbulent mixing of fluids at high pressure is a topic of
much interest as it is relevant both to natural phenomena
and to technical applications. In the realm of technical ap-
plications, liquid rocket combustion presents a particular
challenge as the operating conditions are supercritical with
respect to both fuel and oxidizer, making mandatory the
understanding of supercritical fluid behavior for a poten-
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tially explosive mixture. In this situation, numerical sim-
ulations with validated models can contribute information
that would be otherwise impossible to obtain experimen-
tally.

The modeling of supercritical fluid behavior has been
primarily addressed in the context of drop modeling. Ex-
amples of isolated drop models are those of Umemura and
collaborators [33], [34], Curtis and Farrell [5], [6], Jia and
Gogos [15], [16], Yang and collaborators [31], [32], [35],
Delplanque and Sirignano (8], Daou et al. [7] and Harstad
and Bellan {10]. Droplet group effects were modeled by
Jiang and Chiang [17], (18], [19] and Harstad and Bellan
[11] for monodisperse clusters of drops, and by Harstad
and Bellan [13] for polydisperse clusters. Simulations de-
voted to supercritical shear flows are very scarce (exam-
ples being those of Oefelein and Yang [24], [25]) and uti-
lize information obtained from atmospheric pressure tur-
bulence, which introduces uncertainties about their valid-
ity. Clearly, a fundamental approach is necessary to un-
ravel the specific aspects of supercritical turbulent shear
flows. Such specific aspects have been experimentally ob-
served by Chehroudi et al. [1], (2], and by Mayer and
Tamura [21], and include the lack of jet atomization under
supercritical condition; instead of drop formation, finger-
like structures protruding from the jet are observed.

A contemporary fundamental approach used in fluid
mechanics is Direct Numerical Simulation (DNS) whereby
all scales of a flow are resolved for Reynolds numbers
smaller than those in the fully developed turbulence, but
nevertheless reaching the transitional mixing regime. The
main artifact of the DNS is to employ a viscosity much
larger than that of the real species under consideration so
as to enable simulations in a physical domain where the
flow is still in the continuum regime. Although this means
that the DNS results are not quantitatively correct from
the viewpoint of the Reynolds number values, the quali-
tative behavior of the flow is assumed maintained. Miller
et al. [22] have conducted a DNS of a supercritical hep-
tane/nitrogen mixing layer using the validated model of
Harstad and Bellan {12] and examined the uncertainties
associated with the lack of accurate knowledge of the new
transport coefficient, the thermal diffusion factor, which
may play an important role at high pressures. However,
mixing transition was not achieved in the three dimen-
sional simulation of Miller et al. [22] due to the forma-
tion of regions of high density gradient magnitude (called
HDGM in the following) which acted as material inter-



faces and damped the emerging turbulent eddies. In fact,
Okong’o and Bellan [26] showed that the dissipation cor-
related well with these HDGM regions, and that the layer
evolution was the result of two competing processes: en-
trainment producing strong density gradients (a stabiliz-
ing effect) and mixing reducing the density gradients (a
destabilizing effect).

The present study uses the general model of Miller
et al. [22] but with modified boundary conditions, a
larger forcing amplitude and at higher Reynolds numbers,
thereby achieving mixing transition. The details of the
simulation are presented in Okong’o and Bellan [27], and
therefore only the crucial aspects of the model and simula-
tions will be described below. The emphasis of the results
is in the specific aspects of the transitional state which
reveals visual features that are absent for gaseous layers.
Finally, we present a summary and conclusions.

Model description

The model is based on the fluctuation-dissipation theory
of Keizer [20] whose primary result is the form of the flux
matrix which now contains additional terms with respect
to the traditional Fick and Fourier contributions. This
formulation is moreover consistent with non-equilibrium
thermodynamics, and relates from first principles forces
and fluxes. The general conservation equations are:
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where t denotes the time, z is a Cartesian coordinate, sub-
scripts ¢ and j refer to the spatial coordinates, u; is the
velocity, p is the density, e; = e + u;u;/2 is the total en-
ergy (i.e. internal energy, e, plus kinetic energy), p is the
thermodynamic pressure, and Y} is the mass fraction of
heptane. Furthermore, 7;; is the Newtonian viscous stress
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where §;; is the Kronecker delta function, and u is the
mixture viscosity which is, in general, a function of the
thermodynamic state variables. For a binary mixture, such
as the one considered here, we duplicate the form of the
fluxes given in [12] by noting that j, = mqJ, and having
a and f3 take the values h (heptane) and n (nitrogen)
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where agy and ajy are the thermal diffusion factors cE)r2
responding to the Bearman-Kirkwood (subscript BK) and
the Irwing-Kirkwood (subscript I K) forms of the heat flux
([30}), respectively; they are the new transport coefficients
that are introduced by the Soret (in the molar fluxes) and
the Dufour (in the heat flux) terms of the transport matrix,
and are characteristic of the particular species pairs under
consideration. Properties of these thermal diffusion fac-
tors are that lim,_,o arx # axr and lim,oapx = akr.
According to [12]
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and it is thus necessary to specify only one form of the
thermal diffusion factors, the two being related by a ther-
modynamic function. Here the partial molar enthalpy is
ho = (Oh/0Xa)T,p xps(%a), Where the molar enthalpy
is h = G~ T(0G/0T)p,x with G being the Gibbs en-
ergy, and the mole fraction X is related to the mass frac-
tion by moX, = mY, where m, is the molecular weight
of pure species ¢, and the mixture molecular weight is
m = Xpmy, + Xpmy. The binary diffusion coefficient is
D, the mass diffusion factor is ap, the thermal conductiv-
ity Arg is defined in [12] from the transport matrix and
R, is the universal gas constant. Furthermore, the molar
volume v is related to the mass density by v = m/p, and
the partial molar volume is v, = (9v/0Xa)7T,p, X 5(8a) It

can be shown that ,\II x does not correspond to the kinetic
theory (subscript KT ) definition of the thermal conduc-
tivity in that lim,_.o /\’, k 7 Akr but it is related to the
thermal conductivity, A, through

Ak =M+ XnXn a1x apxRupD/m, (10)

where lim,,oA = Agr as discussed in [12]. The mass
diffusion factor ap is also a thermodynamic function which
is calculated from the fugacity coefficients, ¢, (which are
related to the Gibbs energy), as follows:
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Note that ap is independent of which species is chosen in
the evaluation.

The details of the adopted equation of state are pre-
sented in Miller et al. [22] and will not be duplicated
herein. It suffices to state that a Peng - Robinson equation
of state is utilized with mixing rules proposed by Harstad
et al. [9], and that this choice is both computationally
efficient and reasonably accurate since the pure species
reference states were found to be accurate to better than
1% relative error through comparisons with the accurate
state equations of [9] over the range of variables used in
this study.

The configuration used is that of a three-¢fnensional
temporal mixing layer of dimensions L; x L; x L3



(streamwise x cross-stream xspanwise) shown in Fig. 1,
whose lower stream is heptane and upper stream is nitro-
gen. The boundary conditions employed are periodic in
the streamwise and spanwise directions and non-reflecting
outflow conditions in the cross-stream direction based on
a characteristic wave approach for real gases as described
in Okong’o et al. [28]. The initial configuration consists
of four vortices and the layer is induced to rollup through
the application of an inijtial perturbation. The employed
disturbance, and the characteristics of the domain size are
discussed by Okong’o and Bellan [27] and will not be re-
peated here. An enlarged discussion on this topic can be
. found in Okong’o and Bellan [29].

Particular care was devoted to represent the transport
coefficients in a self-consistent manner, based on contour
plots of the Schmidt, Sc, and Prandtl, Pr, numbers using
accurate transport properties. Accordingly, the following
simplified expressions were used to represent the transport
coeflicients
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where pp is a reference viscosity and the reference tem-
peratures 77 and T3 correspond to the free stream tem-
peratures for mixing layer simulations. These relations
give qualitatively correct trends in that Sc is respectively
greater than or less than unity for the proper mass frac-
tions; however, the maximum value is 1.5 rather than 2,
as observed in the contour plots. Egs. 12 - 13 hold in the
following range of thermodynamic state space: 500K <
T < 1100K, 6kg/m3 < p < 286kg/m3, and 0 < Yj, < 1.

The value of the reference viscosity is determined by
the specified value of the initial Reynolds number
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chosen so as to enable the resolution of all relevant dy-
namic length scales. The freestream density (p, or p;)
is calculated for each pure species at its freestream tem-
perature (73 or T>) and at the initial uniform pres-
sure (po). The vorticity thickness is defined as §,(t) =
AU/ (0U/0%2),pq, Where U is the mean (or z; — z3 pla-
nar average) flow in the streamwise direction, and AUy =
U, — U, is the velocity difference across the layer. Miller
et al. [22] explain the choice of the velocities of the two
streams, the intent being to keep the vortices stationary
in the computational domain. Whereas the success in this
endeavor was not complete, it proved that the choice of
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for a real fluid was reasonable, where M, is a Mach number
and Z = p/(pTRu./m) is the compression factor. The

specification of M, therefore determines AUy, and thus
ultimately 6,0 = 6,(0). The mean streamwise velocity
is smoothed near the centerline using an error function
profile, as are the mean temperature and mass fraction.

The adopted value of the thermal diffusion factor is
arg = 0.1, determined by Harstad and Bellan [12] first
from a model calibration through comparisons with part
of the data from the microgravity experiments of Nomura
et al. [23], and further validated in the same study by
comparison with the remaining part of Nomura et al.’s
(23] data.

Results

The initial conditions for the simulation analyzed here are:
freestream temperatures of T = 600 K and 77 = 1000 K
in the lower and upper stream, respectively, initial pres-
sure po = 60 atm ((py/p1)o = 12.88), M, = 0.4 and
Reg = 500. The grid measures 0.2mx0.232mx0.12m (res-
olution 240 x 288 x 144) to accommodate four wavelengths
in the streamwise and spanwise directions, and the evo-
lution of the layer encompasses rollup and two pairings
of the initial spanwise vortices. The initial mean velocity
profile is such that 8,0 = 6.859x1072 m [27]. The results
first focus on the assessment of whether a transitional state
has been reached. To assess the possible attainment of a
transitional state, we analyze several aspects of the global
temporal evolution of the mixing layer; according to all the
criteria based on these global aspects, the layer did achieve
transition. To confirm the results of the temporal evolu-
tion, we also inspect the vorticity and vorticity magnitude
budgets at the transitional state. Further, to explore the
peculiarities of the supercritical mixing layer, we scrutinize
visualizations of important dynamic and of all thermody-
namic variables. Various characteristics of the fluid are
documented at the transitional state, in particular depar-
tures from mixing ideality and perfect gas behavior. An
enlarged, more thorough investigation of a simulation hav-
ing the same initial conditions with the exception of Reg
which is there 600, is available in [27].

Global temporal characteristics

Mixing layers evolve and grow due to the combined effect
of entrainment and small scale formation. Although ac-
cording to Cortesi et al. [4] the definition of layer growth
is not unique, Hernan and Jimenez (14] showed that en-
trainment is the dominant element in layer growth. Here,
the layer growth is measured by the momentum thickness
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with 61 =< puy >z3=Lg,max and 6 =< pu, > z3=—Lg min)
where <> denotes plane averaging, Ly max = —L2/3 and
L min = 2L3/3. While the growth is primarily a conse-



quence of entrainment, the product thickness defined as
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in mass units, where Y, = 2min(Y}, Ys), is a direct con-
sequence of molecular mixing as explained by [4]. Besides
growth and molecular mixing, the evolution of small tur-
bulent scales is a crucial aspect determining whether a
layer will reach transition [29]. To evaluate the evolution
of the small turbulent scales, we examine the global char-
acteristics of the non-dimensional positive spanwise vor-
ticity, << wj >> (8.,0/AUp), and the non-dimensional
enstrophy, << wiw; >> (6u,0/AUp)?; here <<>> de-
notes volume averaging. Due to the particular form of the
initial mean velocity profile, the initial spanwise vorticity
is all negative; therefore, the formation of positive span-
wise vorticity is a first indication of small scale formation.
Moreover, since it is generally believed that stretching in-
creases the enstrophy, its variation is a direct measure of
this essential mechanism of turbulence production.

All global characteristics are illustrated in Fig. 2 ver-
sus the non-dimensional time t* = tAU/é,,0. The non-
dimensional momentum thickness, §,,/6. 0, increases and
reaches a plateau at t* = 140, this plateau being evi-
dence of the forcing influence on the layer. Further in-
crease in 6,,/8,,0 is at a reduced rate, consistent with
8p/6p,0 exhibiting a slower growth following the plateau,
showing that mixing is somewhat abated. Production
of positive spanwise vorticity initiates immediately past
the layer rollup and continues at a considerable rate un-
til the first paring after which the rate declines until
the second pairing (¢* = 135). Past the second pair-
ing, << w§ >> (84,0/AUp) reaches a culmination point.
Concomitantly, the enstrophy displays a substantial in-
crease rate after rollup and a large peak after each pair-
ing. The small valley coincides with the reduced rate of
positive spanwise vorticity production. The second peak
in << wjw; >> (6,,0/AUp)? coincides with the second
pairing indicating that this event produces considerable
stretching. After the second pairing, due to stretching
there is a considerable increase in small scale production
as evidenced by the << wi >> (6,,0/AUp) peak. It is
the time station of this << w} >> (6u,0/AUp) peak, at
t* = 155, which is here chosen as the one correspond-
ing to the attainment of the transitional state. At this
time, the momentum thickness based Reynolds number,
Ren = Reg(6m/6w,0) = 1250. To determine the state
of the layer at t* = 155,, we first examine the vorticity
and vorticity magnitude budgets, and then inspect instan-
taneous contours in the braid and the between-the-braid
planes.

Vorticity budget at transition

Vorticity is one of the essential features of turbulent flows
(3], therefore making it important to examine. The vortic-

ity equation for a compressible flow is
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where D/Dt is the substantial derivative, and the equiva-
lent equation for the vorticity magnitude squared follows
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The first term in egs. 18 and 19 represents the stretch-
ing and tilting contribution, the second term describes the
effect of dilatation, the third term is the baroclinic par-
ticipation to vorticity production, and the last term por-
trays the viscous contribution. Similar to the examination
of the global layer characteristics, here we also focus on
the spanwise vorticity. Depicted in Figs. 3a and 3b are
the non-dimensional homogeneous (z; — z3) plane aver-
age and plane RMS of the spanwise vorticity budget at
t* = 155. The largest activity is in the stretching and tilt-
ing term, dominating both the average of the budget and
the RMS. For all practical purposes, all other terms of
the budget average are negligible, whereas for the RMS
the order of decreasing activity are the viscous effects, the
baroclinic term, and the dilatation. The secondary but not
negligible action of viscosity indicates that enough small
scales have been formed to promote vorticity destruction
by viscous dissipation, but this effect is dominated by small
scale formation through stretching and tilting. The bud-
get of the vorticity magnitude squared illustrated in Fig.
4 supports this physical picture. The average is domi-
nated by the negative viscous term diminishing the vortic-
ity magnitude through the action of dissipation, whereas
the positive stretching and tilting term is second in order
of decreasing magnitude. Both baroclinic and dilatation
terms appear negligible. The most prominent RMS con-
tribution is from stretching and tilting, with large peaks
across the layer, while the viscous effect closely trails be-
hind. The participation of the dilatation and baroclinic
terms is marginal. This physical picture is consistent with
the attainment of a transitional state where production
of small scales occurs through stretching and tilting, and
once formed, these small scales proceed to decrease the
magnitude of the vorticity through the action of viscous
dissipation.

Instantaneous visualizations of the transitional
state

To confirm the physical picture described above, we exam-
ine the distributions of the dynamic and thermodynamic
variables in specific planes, at t* = 155. Following the in-
terest in the spanwise vorticity, shown in Figs. 5a and 5b
are the distributions of the non-dimensional spanwise vor-
ticity, ws(6u,,0/AUg), in the braid and in the between-the-
braid planes. Clearly, a large amount of positive spanwise



vorticity has been produced, which is distributed through-
out the vortex and distorts it.

Qualitative comparisons between HDGM regions
found in the previous pre-transitional study of Miller et
al. [22] with the optical observations of Chehroudi et
al.[1] who experimentally identified ‘wisps’ of fluid emerg-
ing from a supercritical jet injected into a supercritical
medium, were encouraging. The question is whether the
same regions of concentrated HDGM may be identified
at transition, and if so what is the large | Vp | region
composition and thermodynamic state. To explore these
aspects, | Vp |,Ys, ap and Z are displayed in Figs. 6-9
in the braid (6a - 9a) and the between-the-braid planes
(6b - 9b). Not only are the regions of concentrated large
| Vp | values again evident, but they also appear consider-
ably more convoluted than in the study of [22] conducted
with Rep = 400, owing to the substantially higher level
of small scales present. Movie visualizations show that
the HDGM regions originate both from the initial den-
sity stratification and from the mixing of the two species.
In fact, the heptane mass fraction contours show parcels
of heptane fluid that have ‘broken off’ from the original
stream and have been transported towards the upper ni-
trogen stream. The mixing region thus formed contains
non-ideal fluid (ap < 1) as shown in Figs. 8a and 8b,
whereas the two regions of unvitiated species behave as
ideal mixtures. Moreover, a detailed analysis [27] shows
that as one probes deeper into the HDGM regions (i.e.
finds regions closer to the maximum value of | Vp | in the
entire domain), ap decreases and Y}, increases. There-
fore, the HDGM regions are mostly composed of the heav-
ier heptane with some nitrogen present as well, but their
molecular mixing is hindered by the non-ideality of the
mixture. Thus, the highly distorted nature of the HDGM
regions is partially due to poor molecular mixing (ap < 1)
during pairing, and also due to the effect of the small
scales. To complete the thermodynamic description, we
note the considerable departures from the perfect gas be-
havior displayed in Fig. 9. These departures are evident
both in the heptane freestream, and in the mixing layer.

Considering the specific thermodynamic characteris-
tics of the supercritical transitional state, it is foreseen that
atmospheric flow turbulent models might not be valid for
supercritical flows.

Summary and conclusions

A model of a supercritical shear layer has been utilized
with appropriate boundary conditions to study the transi-
tion of a supercritical shear layer to a turbulent state. The
achievement of turbulence has been ascertained both from
global features of the layer, from an examination of the
homogeneous plane average vorticity and vorticity magni-
tude budgets, and from detailed contour plots at the tran-
sitional state. The vorticity and vorticity magnitude bud-
gets corroborate the evidence from the global aspects of
the layer in that (i) small scale formation due to stretching
and tilting activity dominates the vorticity budget (both

average and RMS) with the viscous effects being second in
order of importance, and (ii) viscous effects dominate the
vorticity magnitude average with the contribution of the
stretching and tilting being also important, while the RMS
is primarily dominated by the stretching and tilting term
with substantial viscous effects. The physical picture that
emerges is that of strong production of turbulent scales
through the stretching and tilting mechanism; once pro-
duced, these small scales remove vorticity from the flow
through the action of viscous dissipation. A tight compe-
tition between these formation/destruction mechanisms is
evident. _
Specific optically related features of the layer due both
to the initial density stratification and to mixing are the
appearance of regions of high density gradient magnitude.
These regions are composed of a mixture of heptane and
nitrogen, with the heptane mass fraction increasing as the
density gradient magnitude is larger. Moreover, it has
been shown elsewhere [27] that as regions of higher mag-
nitude of the density gradient are probed, the mixture be-
comes increasingly non-ideal, meaning that the fluid has
difficulty in mixing at the molecular level. This aspect is

" highly detrimental to combustion and will have to be mit-

igated. Additional to the departure from mixture ideality,
strong departures from the perfect gas behavior have been
documented as well.

Finally, these conclusions are based on this and two
other realizations [27], [29], and cannot be considered
definitive or applicable to other binary species systems.
Additional studies are necessary to unravel the numerous
aspects of supercritical fluid mixing.
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Figure 1: Shear layer configuration
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Figure 2: Global growth characteristics
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Figure 3: Spanwise vorticity budget at t*=155, a) plane
average and b) plane RMS.
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Figure 5: Spanwise vorticity at t*=155, a) in the braid plane and b) in the between-the braid plane. (Negative vorticity

contours are plotted with dashed lines.)
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Figure 6: Density gradient magnitude at t*=155, a) in the braid plane and b) in the between-the braid plane.



Lol Y, 1 Lol Y,
n &.gg 15 :~>\— 11 10
9 080 LN 4.4 & 080
8 0n 10p _— 7 Ny 8 07
. P ||
/=) ‘. 6 050
5 040 St W Z 5 040
i o » @r' S ¢ o
2 010 of ¢ : 2 010
1 000 ‘,..».! 1 om
i
I
-10
0 0 X)
b) xllsm,o

Figure 7: Heptane mass fraction at ¢t*=155, a) in the braid plane and b) in the between-the braid plane.
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Figure 9: Compression factor at t*=155, a) in the braid plane and b) in the between-the braid plane.



